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1. INTRODUCTION 

n 
Let V be an m-unitary space. Let @ V  be the n-th tensor power 
of V and write v l  @ .. . @ v, for the decomposable tensor product 
of the indicated vectors. To each pemptatio; u in Sn there corre- 
sponds a unique linear operator P(u) : @V -+ @V determined by P(u) 
(vl  @ . @ v,) = v,-~(~) @ . . . @  v,-I(,). Let G be a subgroup of Sn and 
let Z(G) be the set of all the irreducible complex characters of G. 

*Corresponding author. e-mail: pournaki@vax.ipm.ac.ir 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
T
I
B
-
L
i
z
e
n
z
e
n
 
-
 
T
I
B
 
L
i
c
e
n
c
e
 
A
f
f
a
i
r
s
]
 
A
t
:
 
1
3
:
4
1
 
7
 
J
u
l
y
 
2
0
0
9



138 M. R. DARAFSHEH AND M. R. POURNAKI 

It follows from the orthogonality relations for characters that 

is a set ofn annihilating idempotents which sum to the identity. The 
image of @V under the T(G, X )  is called the symmetry class of tensors 
associated with G and x and it is denoted by V;(G). The image of 
v, @ ... @ v, under T(G, X )  is denoted by vl a . . . * v, and it is called 
a decomposable tensor. It is well-known that 

X U )  dim V: (G)  = - X(a)mc(') 
I G I  u,G 

where c(u) is the number of cycles, including cycles of length one, in 
the disjoint cycle decomposition of u (see [5] ) .  

n 
The inner product on V induces an inner product on @V whose 

restriction to V;) satisfies 

where A = [aii],,, = [(uil vj)lnxn and d;(A) = C x ( ~ ) ~ I , ( I )  . . . an,(,) 
is the generalized matrix function. UEG 

With respect to this inner product we have 

which is an orthogonal direct sum. 
Let I?; be the set of all sequences a = ( a l , .  . . ,a,) with 1 5 ai5 m, 

so a is a mapping from a set of n elements into a set of m elements. 
Then the group G acts on I?: by a. a := . . . ,a,-,(,)) where 
U E  G is a permutation on n letters and a E F: is a mapping from 
a set of n elements into a set of m elements. Therefore the action 
may be written as u. a = au-l which is a composition of two func- 
tions. Let O(a) = {o  alu E G) be the orbit with representative a, 
also let G, be the stabilizer of a, i.e., G, = { a €  Glo .  a = a). In this 
setting if a E I?; and a E G, then we have G,., = UG,U-'. 
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ORTHOGONAL BASIS OF THE SYMMETRY CLASSES OF TENSORS 139 

Let A be a system of distinct representatives of the orbits of G act- 
ing on rk and define 

and let R be the union of those equivalence classes 
elements of E. 

represented by 

Let {e l , .  . . ,em} be an orthonormal basis of V. Denote by e: the 
tensor e,, * . . . * eon where a = ( a l ,  . . . , a n )  E T i .  We have 

- x X ( m - l )  if a = r /3 for some r E G, 
(ei lez) = [ 7'; oEGB 

in particular, taking the norm of e:, with respect to the induced inner 
product, one easily obtains the condition e: # 0 if and only if ct E 0. 

For y E z, V; = (ez,,la E G) is called the orbital subspace of 
V",(G). It follows that 

is an orthogonal direct sum. In [2] Freese proved that 

dim V; = - 

in particular, if x is of degree one, then dim V,* = 1 for all y E a. 
Ifa=g.yand/3=g'.y,thengg'-1./3=a,soifweset~=gg'-1 

and use the above formula for (e:lez), then we obtain 

An orthogonal basis of the form {e:la E S ) ,  where S is a subset of 
I?;, is called an orthogonal basis of decomposable symmetrized tensors 
for V",(G). By (2) V;(G) has an orthogonal basis of decomposable 
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140 M. R. DARAFSHEH AND M. R. POURNAKI 

symmetrized tensors if and only if for all y E a, the orbital subspace 
V; has an orthogonal basis of decomposable symmetrized tensors. 
In particular, if x is of degree one, since dimV,' = 1 for all y E E, 
then V; has an orthogonal basis of decomposable symmetrized ten- 
sors for all y E which implies that V;(G) has such a basis. 

Several papers are devoted in investigation of the existence of an 
orthogonal basis of decomposable symmetrized tensors for V;I(G), 
see for example [lo]. In [3] a necessary and sufficient condition for 
the existence of orthogonal basis of decomposable symmetrized ten- 
sors for V;(G) is given, where G is a cyclic or a dihedral group. In [6] 
it was claimed that if {el,. . is an orthogonal basis of V, then there 
exists a subset S of rk such that the set {e:la E S )  forms an orthogonal 
basis of V;(G) if and only if ~ ( 1 )  = 1. But later in [9] a counter- 
example to this claim was presented. 

Now it is natural to consider a group G and an irreducible char- 
acter x E Z(G) and obtain necessary and sufficient conditions for the 
existence of an orthogonal basis for V;I(G). With respect to this we 
consider the dicyclic group which will be explained below. 

In this paper we find a necessary and sufficient condition for the 
existence of an orthogonal basis of decomposable symmetrized ten- 
sors of symmetry classes of tensors associated with the dicyclic group. 
Throughout this paper all characters are considered over the complex 
field @. We adopt notations from [7] in this paper. 

2. DlCYCLlC GROUP 

The group T4,,, n 2 1, generated by the elements r, s such that r 2n = 

1, rn = s2, s-lrs = r-' is called the dicyclic group of degree n, i.e., 
T4n = ( I, s I r 2n = 1, rn = s 2, s-lrs = r-l) (see [4]). This group is 
of order 4n and in [l] page 7 it is denoted by (2, 2, n )  and it is 
proved that T4, = (r, s(rn = s 2  = (rs12). In any case we have T4, = 

{r', r's I 0 F 1 < 2n). 
By [4] T4,, has n + 3 conjugacy classes which are 

and the character table of T4,, is indicated in Tables I and 11. 
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ORTHOGONAL BASIS OF THE SYMMETRY CLASSES OF TENSORS 141 

TABLE I The character table of T4,, where n is odd 

TABLE I1 The character table of T4" where n is even 

From the above tables we see that T4,, has four irreducible char- 
acters of degree 1 namely q l ,  q2, $9, q4 if n is odd and q b l ,  $2,  qb3, 
qb4 if II  is even and n - 1 irreducible characters of degree 2 which are 
denoted by xh, I l h s n - I .  

By classical Cayley Theorem T4,, can be embed in S4, and so we 
assume that T4, is a subgroup of S4". In this case generators r, s of 
T4" as permutations on 4n letters are given by 

In particular, the dicyclic group of degree 2"-' is called the gener- 
alized quaternion group and denoted by Q2.4, i.e., Q2"+l = T4(2n-1) = 
T2"+1, and x = xh, 1s hL2"-' - 1 ,  are characters of degree 2 for 
Q2.+l. In the following theorems we find the dimensions of the sym- 
metry classes of tensors associated with the dicyclic group T4,,. 
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142 M. R. DARAFSHEH AND M. R. POURNAKI 

T H E O R E M  1 Let G = T4,,, n odd, and assume that V is an m-unitary 
space. Then considering G as a subgroup of the symmetric group on 4n 
letters we have the following, where (212, k )  denotes the greatest com- 
mon divisor of 2n and k .  

Proof Note that if n is a cycle of length a and (k ,  a )  = d, then 
nk has d cycles of length ald and therefore c(nk) = d = ( k ,  a). So 
c(1) = 4n, c(rn) = 2n, c(rk)  = 2(2n,k) and c(s) = n, where c(n) de- 
notes the number of cycles in the cycle structure of n including cy- 
cles of length one. Considering the cycle structures of r and s given 
above we obtain: 

therefore c(rs) = n. Now using the character table of T4,, given in 
Table I the theorem holds by (1). 

THEOREM 2 Let G = T4,,, n even, and assume that V is an m-unitary 
space. Then considering G as a subgroup of the symmetric group on 4n 
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ORTHOGONAL BASIS OF THE SYMMETRY CLASSES OF TENSORS 143 

letters we have the following, where ( 2 4  k )  denotes the greatest common 
divisor of 2n and k. 

n-l 

m" + mi" + 2 C (- 1 
k= 1 

Proof Similar to the proof of Theorem 1. 

The following lemma is useful in later considerations. 

LEMMA 1 Let H be a subgroup of T4n. Then there is a natural num- 
ber k, 0 5 k < 2n, such that H = (r k ,  or ( r k ) ;  H and H n  (r)  = ( r k ) .  
In the second case we have ]HI > 2 1 (r k ,  1. 
Proof By  definition of T4n we see that elements of T4n are of the 
forms r' or r's where 0 < I  < 2n. If H is an arbitrary subgroup of 
T4,,, then H n  (r )  is a cyclic subgroup of ( r )  and therefore there is a 
natural number k, 0 < k < 2n, such that H n  (r )  = ( rk ) .  The rest by 
our lemma follows immediately. 

3. ON THE EXISTENCE OF ORTHOGONAL BASIS 
FOR THE SYMMETRY CLASSES OF TENSORS 
ASSOCIATED WITH THE DlCYCLlC GROUP 

Let G = T4,,, n 2 1 ,  and V be an m-unitary space, with orthonormal 
basis {e l , .  . . ,em). For n = 1, the dicyclic group T4 is cyclic, T42i H4, 
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1 44 M. R. DARAFSHEH AND M. R. POURNAKI 

therefore all irreducible characters are of degree 1 and so v ; ( T ~ )  
has an orthogonal basis of decomposable symmetrized tensors for 
all x E I(T4). Therefore we assume that n > 2. If m = 1 ,  then 

4n 
dim 8 V = 1 ,  so dim V: (G) = 0 or 1 ,  therefore we don't have any 
problem about the existence of orthogonal basis of decomposable 
symmetrized tensors for v:(G) for all x E I (G) ,  therefore we assume 
that m 2 2. 

For irreducible characters of T4n of degree 1 ,  $J~, &, 15 i 
14, v ; ( T ~ )  and V;:(T~,) have an orthogonal basis of decom- 
posable symmetrized tensors and so we don't deal with the $/s 
and 4:s. 

Therefore we investigate the problem for irreducible characters of 
degree 2 of T4n, i.e., xh, 1 5 h 5 n - 1 ,  which are given by 

khn k 
xh(rk)  = 2~0s-,  n xh(r  S )  = 0 ,  

LEMMA 2 Suppose n>2 ,  l l h l n - 1 ,  O < k <  2n. Let I=(2n/  
( 2 4  k)) ,  where (2n, k )  denotes the greatest common divisor of 2n and 
k. Then we have 

Proof It is straightforward. W 

LEMMA 3 Suppose G = T4,,, n > 2, and x = x h ,  1 5 h 5 n - 1. Let 
H be any subgroup of T4,,, i.e., H = (r k ,  or (r k, 2 H and H n ( r )  = 

(r k ) ,  for some k ,  0 5 k < 2n. If I = (2n/(2n, k)),  where (2n, k )  denotes 
the greatest common divisor of 2n and k ,  then we have 

Proof We have o(r k,  = (2n/(2n, k ) )  = 1, so H = { rk ,  r 2k, .  . . , r Ik} or 
{r  k ,  r %, . . , , r Ik) 5 H and H n (r)  = {r k ,  r Ur, . . . , r I k } .  But x vanishes 
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ORTHOGONAL BASIS OF THE SYMMETRY CLASSES OF TENSORS 145 

outside ( r ) ,  therefore by Lemma 2 we have 

 LEMMA^ Let G = T 4 n ,  n 2 2 ,  and x = x h ,  l < h < n - I .  Then 
for E x, we have G, = (r  k ,  or (r k ,  2 G, and G, n (r)  = (r k ) ,  

2n 
for some k ,  0 5 k < 2n, where kh = 0. In particular, if ( r k ) $  G,, 
then we have lG,l > 21 ( r k )  I. 

Proof G, is a subgroup of G so by Lemma 1 ,  G, = ( r k )  or (r  k ,  2 G, 

and G, n ( r )  = (r k ) ,  for some k ,  0 5 k < 2n. In particular if (r k, 2 G,, 
then /G,I t 2l(r * ) I .  But by Lemma 3 if kh 2 0,  then xasq ~ ( g )  = 0 

2n 
and so y 6 x. This contradiction show that kh - 0.  

LEMMA 5 Let n L 2  and l l h l n - I .  Then there exist t ,  t ' ,  O i t ,  
t ' < 2n, such that cos((t - t ')h.rr/n) = 0 if and only i fv2(h/n) < 0,  where 
u2 is the 2-adic valuation. 

Proof It is straightforward. For the definition of p-adic valuation 
we refer the reader to [8]. 

LEMMA 6 Suppose G = T4,,, n 2 2, and let x = x h ,  1 5 h 5 n - 1. 
Let y E n and suppose that G, is of the form G, = ( r k ) ,  where 0 5 

2n 
k < 2n, kh  ~ 0 .  If v2(h/n) < 0,  where vz is the 2-adic valuation, then 
the orbital subspace V,* has an orthogonal basis of decomposable symme- 
trized tensors. 

Proof We have o(r k,  = (2n/(2n, k ) )  = I ,  so G, = ( r  k, r 2k, . . . , r lk) 

and therefore by (3) and Lemma 3 

dim V; = - 

Now for all g,  g' E G we have 
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146 M. R. DARAFSHEH AND M. R. POURNAKI 

F o r g =  r a , g ' =  r b  by(4) we have 

1 '  (b - a)hn I (b - a)hn 
= - c c o s  - - - COS 

t=l 
n n n 

If g = ras and g '  = r or g = ras and g' = r bs then by the same 
computation we obtain (ei.,le;,.,) = 0 or (e&le:,,,) = (l/n)cos((b-a) 
hnln), respectively. Therefore 

Since by the assumption v2(h/n) < 0, hence by Lemma 5 there exist 
t, t', 0 5 t, t' < 2n, such that cos((t - t')hn/n) = 0. Let S = {rf . y, 
r" . y, r's . y, rt's - y) c FE, then by the above computation, we have 
(e:le$) = 0 for all a ,  ,B E S, a # p. But dim V,* = 4, so {e:la E S) 
is an orthogonal basis of decomposable symmetrized tensors for V;. 

LEMMA 7 Suppose G = T4", n > 2, and x = xh, 1 5 h 5 n - 1. Let 
y E h be such that ( r k ) 5  G, and G,n (r) = (Ik), where 0 5 k < 2n, 
kh 0. If v2(h/n) < 0, where v2 is 2-adic valuation, then the orbital 
subspace V; has an orthogonal basis of decomposable symmetrized 
tensors. 

Proof We have o(rk)=(2n/(2n,k))=I, so {rk , r2k , . . . , r 'k}5  G, 
and G, n (r) = {rk, r2k, .  . . , r lk}. Note that, by Lemma 4, in this 
case we have JG,I 2 21, and therefore by (3) and Lemma 3 
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ORTHOGONAL BASIS OF THE SYMMETRY CLASSES OF TENSORS 147 

so dim V,' = 1 or dim V,* = 2. If dim V,' = 1, then we don't have any 
problem about the existence of orthogonal basis of decomposable 
symmetrized tensors for V;, therefore we assume that dimV,* = 2. 
For g = ra, g 1  = r we have Irk+b-", r2k+b-" , . . . ,  rlk+b-a)< f d G d  
and g 'G,~-' n ( r )  = t r  k+b-a r 2k+b-a 

lkfb-a ,..., } therefore by (4) we 
have 

tkhn (b  - a ) h ~  

t=1 n n 

1 ' ( b  - a)hn I (b  - a)hn 
= - C c o s  - - - COS 

t=1 n n n 

Since by assumption v2(h/n) < 0,  hence by Lemma 5 there exist 
t ,  t', 0 5 t,  t' < 2n, such that, cos((t - tl)hn/n) = 0,  therefore by the 
above computation (e; , ,le:,; 7) = 0.  For S = {rt . y ,  r' . y}  c I'Z, since 
dim V; = 2, so {eLla E S )  is an orthogonal basis of decomposable 
symmetrized tensors for V;. 

THEOREM 3 L e t G =  T4 , , , n>2 ,andx=xh ,  1 5 h < n - l , d i m V =  
m 2 2 .  Then v:(G) has an orthogonal basis of decomposable 
symmetrized tensors if and only if v2(h/n) < 0,  where v2 is 2-adic 
valuation. 

Proof Assume v ~ ( G )  has an orthogonal basis of decomposable 
symmetrized tensors, therefore by (2)  for all y E &, the orbital sub- 
space V; has an orthogonal basis of decomposable symmetrized 
tensors, in particular for y = (1,2,2,.  . . ,2). Note that in this case 
G, = ( 1 1 ,  and C ,,,? ~ ( g )  = 2 # 0,  so y E h. For all g, g l € G ,  we 
have 
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148 M. R. DARAFSHEH AND M. R. POURNAKI 

therefore by (4) we have 

but by (3) 

By the above computation if there are 4 decomposable symmetrized 
tensors for which any distinct pair are mutually orthogonal, then 
there should exist t, t', 0 5 t, t' < 2n, such that cos((t - tl)hn/n) = 0. 
Therefore by Lemma 5 we obtain u2(h/n) < 0. 

Conversely assume v2(h/n) < 0, then by Lemmas 4, 6 and 7, for all 
y E z,, V," has the orthogonal basis of decomposable symmetrized 
tensors, and therefore by (2) so does v ~ ( G ) .  

COROLLARY 1 Let G = T4,, n 2 2 is odd, and x = xh, 1 5 h 5 n - 1, 
dim V = m 2 2. Then v?(G) does not have an orthogonal basis of de- 
composable symmetrized tensors. 

Proof Since n is odd, therefore u2(h/n) 2 0, and by Theorem 3 the 
corollary holds. 

THEOREM 4 Let G = Q2,+1, n 2 2, the generalized quaternion group, 
and x = ~ h ,  1 5 h 52"-' - 1, dim V = m 2 2. Then v T '  (G) has an 
orthogonal basis of decomposable symmetrized tensors. 

Proof Note that G = Q2,+1 = T4(2n-l), and since 1 5 h 5 2"-' - 1 
therefore v2(h/2"-') < 0 and by Theorem 3, this result follows. 

Both authors would like to thank the referee for his interest in the 
subject and making useful suggestions. 
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