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A necessary and sufficient condition for the existence of orthogonal basis of decompo-
sable symmetrized tensors for the symmetry classes of tensors associated with the dicyclic
group is given. In particular we apply these conditions to the generalized quaternion
group, for which the dimensions of the symmetry classes of tensors are computed.
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1. INTRODUCTION

Let V' be an m-unitary space. Let ®V be the n-th tensor power
of V and write v, ®---®v, for the decomposable tensor product
of the indicated vectors. To each perr}r}utatio;x o in S, there corre-
sponds a unique linear operator P(o): ®V — ®V determined by P(o)
(V1 ®  ®Vn) = Vor1(1) ® -+ @ Vo1(). Let G be a subgroup of S, and
let I(G) be the set of all the irreducible complex characters of G.
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It follows from the orthogonality relations for characters that

{160 :8v = 8vir6.0 = XD Y x0P@). x < 16}

0€G

is a set of annihilating idempotents which sum to the identity. The
image of ®V under the T(G, x) is called the symmetry class of tensors
associated with G and x and it is denoted by V}(G). The image of
" ®---®v, under T(G, x) is denoted by vy *---*v, and it is called
a decomposable tensor. It is well-known that

dim V2(G) = XT(c%Z x(o)m? (1)
aeG

where (o) is the number of cycles, including cycles of length one, in
the disjoint cycle decomposition of o (see [5]).

The inner product on ¥V induces an inner product on ®V whose
restriction to V) satisfies

(ul*---*un|v1*---*v,,)=—dG( )

where 4 = [ayluxn = [(uilvj>]nxn and dS(A) =3 X(U)ala(l) " Qug(n)
is the generalized matrix function. o€G
With respect to this inner product we have

ov= P V(6

x€l(G)

which is an orthogonal direct sum.

Let I, be the set of all sequences o = (ay, ..., a,) With 1 <o; <m,
so «a is a mapping from a set of n elements into a set of m elements.
Then the group G acts on '}, by 0 a = (ay1(1), - -, Ug-1(s)) Where
o €G is a permutation on n letters and o € I'}, is a mapping from
a set of n elements into a set of m elements. Therefore the action
may be written as o-a = o~ which is a composition of two func-
tions. Let O(a) = {o-a|loc€ G} be the orbit with representative «,
also let G, be the stabilizer of o, ie., G, = {c€G|o-a = a}. In this
setting if & € I'?, and o € G, then we have G,., = 0Goo™!
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Let A be a system of distinct representatives of the orbits of G act-
ing on I', and define

Z={aeM2£ﬁ®#0}

and let © be the union of those equivalence classes represented by
elements of A.

Let {ei,...,e,} be an orthonormal basis of V. Denote by e the
tensor ey, * - - - * €,, Where o = (au,...,a,) € I';. We have
i X—(D-Zx(m—_l) if a =78 for some 7 € G,
<ea|eﬂ> = | | oeGg
0 if O(a) # 0(0),

in particular, taking the norm of ¢}, with respect to the induced inner
product, one easily obtains the condition e}, # 0 if and only if a € Q.
For v €A, Vi ={e;,lo€G) is called the orbital subspace of

V2(G). It follows that

Vi) = v )
yeA

is an orthogonal direct sum. In [2] Freese proved that

dim V2 = x(1) Z x(o) (3)

|G7| o€GYy

in particular, if x is of degree one, then dimV} =1 for all v € A.
fa=g-vyand 3=g’ v, thengg’™' - B =qa,soif weset T = gg'~
and use the above formula for (e} |e};), then we obtain

1

€ty =X S (o) @)

|Gl a'eg’G,,g‘l

An orthogonal basis of the form {e!|a € S}, where S is a subset of
I is called an orthogonal basis of decomposable symmetrized tensors
for VZ(G). By (2) V;(G) has an orthogonal basis of decomposable



140 M. R. DARAFSHEH AND M. R. POURNAKI

symmetrized tensors if and only if for all v € A, the orbital subspace
V> has an orthogonal basis of decomposable symmetrized tensors.
In particular, if x is of degree one, since dimV; =1 for all v € A,
then V> has an orthogonal basis of decomposable symmetrized ten-
sors for all v € A which implies that V7(G) has such a basis.

Several papers are devoted in investigation of the existence of an
orthogonal basis of decomposable symmetrized tensors for Vi(G),
see for example [10]. In [3] a necessary and sufficient condition for
the existence of orthogonal basis of decomposable symmetrized ten-
sors for V7(G) is given, where G is a cyclic or a dihedral group. In [6]
it was claimed that if {e;, . } is an orthogonal basis of V, then there
exists a subset § of I';, such that the set {e}|a € S} forms an orthogonal
basis of V¥(G) if and only if x (1) = 1. But later in [9] a counter-
example to this claim was presented.

Now it is natural to consider a group G and an irreducible char-
acter x € I(G) and obtain necessary and sufficient conditions for the
existence of an orthogonal basis for V7(G). With respect to this we
consider the dicyclic group which will be explained below.

In this paper we find a necessary and sufficient condition for the
existence of an orthogonal basis of decomposable symmetrized ten-
sors of symmetry classes of tensors associated with the dicyclic group.
Throughout this paper all characters are considered over the complex
field C. We adopt notations from [7] in this paper.

2. DICYCLIC GROUP

The group T4, n> 1, generated by the elements », s such that r2" =
1, " =152 5 'rs=r"" is called the dicyclic group of degree n, i.e.,
Tan=(r, s|r*" =1, 2, s7lrs =171y (see [4]). This group is
of order 4n and in [1] page 7 it is denoted by (2, 2, n) and it is
proved that Ty, = (r, s|r" = 5% = (rs)?). In any case we have Ty, =
{r, r's| 0<1 < 2n).

By [4] T4, has n+ 3 conjugacy classes which are

=g

(3, " ke i<k <n— 1L, {r#*sj0 <k <n-1},
{r* 50 <k<n-1}

and the character table of T4, is indicated in Tables I and II.



ORTHOGONAL BASIS OF THE SYMMETRY CLASSES OF TENSORS 141

TABLE I The character table of T, where n is odd

|Cr.,. (8)] 4n 4n 2n 4 4
g 1 r" rfl<k<n—1) s rs
¥ 1 1 1 1 1
s 1 -1 (-1 i —i
W3 1 1 1 -1 -1
¥a 1 -1 (=D —i i

2 2=1D"  2cos(khm/n) 0 0

Xh
(1<h<n-1)

TABLE II The character table of T, where n is even

[Cr,. (2)] 4n 4n 2n 4 4
g 1 r rf(1<k<n-1) s rs
& t 1 1 1 1
& 1 1 (- DF 1 -1
b5 1 1 1 - -1
o 1 1 (-1 -1 1

2 2A=1)"  2coslkhnin) 0 0

Xh
(<h<n-1)

From the above tables we see that Ty, has four irreducible char-
acters of degree 1 namely 1, ¥, ¥3, ¥4 if n is odd and ¢, ¢, @3,
¢4 if 1 is even and n — 1 irreducible characters of degree 2 which are
denoted by xs, 1 <h<n-1.

By classical Cayley Theorem Ty, can be embed in Si, and so we
assume that T, is a subgroup of S4,. In this case generators r, s of
T4, as permutations on 4n letters are given by

r=(123 -« 20)(2n+1 2042 2n+3 --- 4dn),

s=(12n+1n+13r+1)2 4n n+2 3n)
34n—1n+33n-1)---(n—1 3n+3 2n—1 2n+3)
(n 3n+2 2n 2n+2).

In particular, the dicyclic group of degree 2"! is called the gener-
alized quaternion group and denoted by Qpr1, ie., Qo = Ty =
Ty1, and x = X, 1<h<2* 11— 1, are characters of degree 2 for
Oy1. In the following theorems we find the dimensions of the sym-
metry classes of tensors associated with the dicyclic group Typ,.
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THEOREM 1 Let G = Ty, n odd, and assume that V is an m-unitary
space. Then considering G as a subgroup of the symmetric group on 4n
letters we have the following, where (2n, k) denotes the greatest com-
mon divisor of 2n and k.

k=1
[ n—1
dimeZ’(G) = % m —m 42 Z (_l)ka(Zn,k)jI 7
- k=1
1T n—1
dlmV:Z;’(G) = % m4" + mZn + 2 Z m2(2n,k) _ 2nmn:! ,
- k=1
1T n—1
dimV{1(G) = o |m*" — m™" 42 Z (_l)km2(2n,k):i ’
I =
dimVy(G) = 51;1- 2m* + 2(=1)"'m™ + 4 Z cos(khm /n)m*3mk) }

1<h<n-1.

Proof Note that if = is a cycle of length a and (k, a) = d, then
7% has d cycles of length a/d and therefore c(r*) = d = (k, a). So
c(1) = 4n, c(r™ = 2n, c(r® = 2(2n,k) and c(s) = n, where e(w) de-
notes the number of cycles in the cycle structure of = including cy-
cles of length one. Considering the cycle structures of r and s given
above we obtain:

rs=(1 2n+2 n+1 3n+2)2 2n+1 n+2 3n+1)
(34n n+3 3n)---(n 3n+3 2n 2n+3),

therefore c(rs) = n. Now using the character table of T, given in

Table I the theorem holds by (1). [ ]

THEOREM 2 Let G = Ty, n even, and assume that V is an m-unitary
space. Then considering G as a subgroup of the symmetric group on 4n
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letters we have the following, where (2n, k) denotes the greatest common
divisor of 2n and k.

1 M n—1
dlng:’(G) = Zy; m4" + m2" +2 ZmZ(Zn,k) + ann:! ’
k=1
1
dlmV;?(G) = Z;; m4" + m2n +2 Z k 2(2n,k):| ,
k_
1
dimV{"(G) = | o o 42 Z’" 2(2n) 2nmn} 7
k=1
r 1
dimVy(G) = L " mP 42 HX: (=1)fem22nh)
4 T 4n .

1T -1
dimVy!(G) = 5= [2m* + 2(=1)"m?" + 4Zcos ke [ nym*@ k>}
- k=1
1<h<n-1.

Proof Similar to the proof of Theorem 1. [ ]
The following lemma is useful in later considerations.

LEMMA 1 Let H be a subgroup of Ta,. Then there is a natural num-
ber k, 0 <k < 2n, such that H = {r*) or (rk)i H and HN (r) = (r¥).
In the second case we have |H|>2|(r%)|.

Proof By definition of T,, we see that elements of Ty, are of the
forms #' or r’s where 0</<2n. If H is an arbitrary subgroup of
T4, then HN{r) is a cyclic subgroup of (r) and therefore there is a
natural number k, 0 <k < 2n, such that HN{r) = (rk). The rest by
our lemma follows immediately. |

3. ON THE EXISTENCE OF ORTHOGONAL BASIS
FOR THE SYMMETRY CLASSES OF TENSORS
ASSOCIATED WITH THE DICYCLIC GROUP

Let G = Ty,, n>1, and V be an m-unitary space, with orthonormal
basis {ej,...,e,}. For n = 1, the dicyclic group T, is cyclic, Ty~ Z,,
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therefore all irreducible characters are of degree 1 and so V;(T4)
has an orthogonal basis of decomposable symmetrized tensors for
all x €I(T,). Therefore we assume that n>2. If m =1, then

dim%V =1, so dim V;"(G) =0 or 1, therefore we don’t have any
problem about the existence of orthogonal basis of decomposable
symmetrized tensors for V;"(G) for all x € I(G), therefore we assume
that m>2.

For irreducible characters of Ty, of degree 1, v, ¢, 1<i
<4, Vi"(T4n) and Vj*(Ts) have an orthogonal basis of decom-
posable symmetrized tensors and so we don’t deal with the ;s
and ¢;’s.

Therefore we investigate the problem for irreducible characters of
degree 2 of Ty, i.e., xp, | <h<n—1, which are given by

xn(r¥) = 2008%75, xu(r¥s) =0, 0<k<2n.

LEMMA 2 Suppose n>2, 1<h<n-—1, 0<k<2n. Let I=(2n/
(2n,k)), where (2n,k) denotes the greatest common divisor of 2n and
k. Then we have

L wkhr |1 i khZo,
Z cos—— = o
=1 n 0 if kh0.

Proof 1t is straightforward. |

LEmmMmA 3 Suppose G=Ty,, n>2, and x = xp 1<h<n-1. Let
H be any subgroup of Tay, ie., H= (r*) or (r")i H and HN(r) =
(r®), for some k, 0 <k < 2n. If | = (2n/(2n,k)), where (2n,k) denotes
the greatest common divisor of 2n and k, then we have

2n

A L)

D x(e) = i~
st 0 ifkh#0.

Proof We have o(r*) = (2n/2n,k)) =1, so H={r¥, r*,...,r’} or
{rk,r?%,.. ., r*} S H and Hn(r) = {r*, r*,...,r*}. But x vanishes
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outside (r), therefore by Lemma 2 we have

! ! . 2n
k2t it knZo
x(g) =) _x(r’) m
2, 2 ; { 0 if khz0.
"

LemMMA 4 Let G=Ty, n>2, and x =xp 1<h<n—1. Then
for yeR, we have G, = (r¥ 0r2n< ><G and G,N(r) = ( -,
for some k, 0<k < 2n, where kh=0. In particular, if (r ) Gy,
then we have |G| > 2|(r¥)|.

Proof G.isasubgroup of G so by Lemma 1, G, = (r¥y or {rk) §
<
#

and G,N(r) = < k), for some k, 0<k < 2n. In particular if (r¥)
then |G7| >2|(r*)|. But by Lemma 3 if kh £ O then > gec, X(8)

and so v¢ A. This contradiction show that khZo.

Il
| Ofm QQ

LEMMA 5 Let n>2 and 1 <h<n—1. Then there exist t, t', 0 <1,
t' < 2n, such that cos((t — tYhm/n) = 0 if and only if vo(hjn) < 0, where
v, is the 2-adic valuation.

Proof 1t is straightforward. For the definition of p-adic valuation
we refer the reader to [8]. »

LEMMA 6 Suppose G= Ty, n>2, and let x =xp 1<h<n-1.
Let v € A and suppose that G, is of the form G, = (r kY, where 0 <
k < 2n, khZ0. If va(hjn) < O, where vy is the 2-adic valuation, then
the orbital subspace V; has an orthogonal basis of decomposable symme-
trized tensors.

Proof We have o(r¥) = 2n/2n,k)) =1, so G, = {rk, r*, ... r*
and therefore by (3) and Lemma 3

dim V; = x(1) > x(8) = %(21) =4,

'G'Y‘ g€G,

Now for all g, g’ € G we have

{rk+b—a7r2k+b—a,.'.’rlk—#b—a} ) ifg=r“,g’ =rb,
gG.g {rktntatbg p2kintatbg  plk4nta+bs} ifg=rs,g =r’,
{r—k+b—a, r-2k+b—a’ . ,r—lk+b—~a} ifg=rosg = rbs.
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For g =r% g’ = r® by (4) we have

* * 1 2 ! 5
<eg_,yeg,.,y>=->T—(GT) Z =EZX y th+b a)

0€g'Gyg”! t=1

_licos(tk+b—a)h7r
n

n

1< (tkhw (b—a)lm)
- ) cos T-f————————

If g=r% and g’ =r° or g=r% and g’ =+’ then by the same
computation we obtain (e .le;.,) =0 or (e}, le;..)=(I/n)cos((b—a)
hm/n), respectively. Therefore

)i b—a)hr _ I _ b
Ecosﬁ—nL ifg=r% g _rl,7
* * — . [_
(€gy|€ary) = (1) o 1fg=r“s,g—rb,
—@ AT : _— !
ﬁcosg—n ifg=r%, g'=rv.

Since by the assumption v»(h/n) < 0, hence by Lemma 5 there exist

t, t', 0<t, ¢ <2n, such that cos((t—¢)hn/n) =0. Let S={r' -+,
Py, rs-y,rs 4} € T, then by the above computation, we have
(erlez) =0 for all o, BES, a#4. But dimV} =4, so {e}|a € S}
is an orthogonal basis of decomposable symmetrized tensors for Vs

|

LEMMA 7 Suppose G = T4,,, n>2, and x =xp 1<h<n-1. Let
v GZZ be such that (r ) G, and G,N(r) = (**), where 0 <k < 2n,
kh=0. If vo(h/n) <0, where v, is 2-adic valuation, then the orbital
subspace V3 has an orthogonal basis of decomposable symmetrized
tensors.

Proof We have o(r ) =(2n/(2n,k)) = 1, so {rk r? ”‘}#
and G,N(r) = {r*, r?*,...,r*}. Note that, by Lemma 4 in thls
case we have |G,| > 2/, and therefore by (3) and Lemma 3

aimvy = XD S~ (0) < 2 a1y = 2

7 |G'7| g€G, 2
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so dimV} =1 ordimV] =2 If dimV] =1, then we don’t have any
problem about the existence of orthogonal basis of decomposable
symmetrized tensors for V, therefore we assume that dimV} =2.
For g= rll, g/ —_ rb we have {rk+b—a’r2k+b—a’ . .’rlk+b*a}§ g,G78_1
and g'G,g N (r) = {pFrome, pRrb=a  pE+0-4 therefore by (4) we

have

Since by assumption v,(h/n) < 0, hence by Lemma 5 there exist
t, ¢, 0<t,¢ < 2n, such that, cos((t— #)an/n) = 0, therefore by the
above computation (e);. le}, ) =0.ForS§={r' 1, -y} € T# since
dim V> =2, so {e;|o € S} is an orthogonal basis of decomposable
symmetrized tensors for V. |

THEOREM 3 Let G= Tap,n>2, and x = xn, 1 <h<n-1,dimV =
m>2. Then V;" (G) has an orthogonal basis of decomposable
symmetrized tensors if and only if va(h/n) <0, where v, is 2-adic
valuation.

Proof Assume V;"(G) has an orthogonal basis of decomposable
symmetrized tensors, therefore by (2) for all v € A, the orbital sub-
space V> has an orthogonal basis of decomposable symmetrized
tensors, in particular for v =(1,2,2,...,2). Note that in this case
Gy={1}, and 3 ,; x(g) =2#0, so y€ A. For all g, g'€G, we
have

, 1 {rb—a} ?fg::r“, g'=rb,
gG, g7 =< {rmatbs} ifg=r%, g' =r?,
rb-a if g=r, g’ =rbs.
{ g ) 8
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therefore by (4) we have

. %COSK—L}"’_:I"r ?fg:ra, g’:rb,
(ez,l€z ) =140 ifg=r%, g =r,
Lcos boafr if o = ya5, g = rbs.

but by (3)

u—t|[\)

v _x(H)
Vi =16, 2 X

g€G,

By the above computation if there are 4 decomposable symmetrized
tensors for which any distinct pair are mutually orthogonal, then
there should exist ¢, 7, 0<1t, ¢ < 2n, such that cos((z — )hn/n) =
Therefore by Lemma 5 we obtain v,(A/n) < 0.

Conversely assume vy(h/n) < 0, then by Lemmas 4, 6 and 7, for all
yeA, V> has the orthogonal basis of decomposable symmetrized
tensors, and therefore by (2) so does Vi*(G). [}

COROLLARY 1 Let G= Ty, n>2isodd, and x = x5, 1 <h<n-—-1,
dimV =m>2. Then V;:" (G) does not have an orthogonal basis of de-
composable symmetrized tensors.

Proof Since n is odd, therefore v;(h/n) >0, and by Theorem 3 the
corollary holds. ]

THEOREM 4 Let G = Oy, n > 2, the generalized quaternion group,
and x =xn, 1<h<2"'—1, dimV =m>2. Then V> (G) has an
orthogonal basis of decomposable symmetrized tensors.

Proof  Note that G = Qyw1 = Ty-1), and since 1<h< 21
therefore v,(h/2"~") < 0 and by Theorem 3, this result follows. W
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